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Solar electric propulsion uses solar panels to generate power for electric thrusters. Using stored energy makes
it possible to thrust through eclipses, but requires that some of the solar power collected during the sunlit portion
of the trajectory be used to recharge the storage system. Previous researchers have reported that the required
energy storage mass can be prohibitive. However, the use of high-speed � ywheels for energy storage can provide
advantages. We compare the effectiveness of orbit transfers with using and without using energy storage. The
orbit transfers are developed as sequences of time-optimal circle-to-circle planar transfers from low-Earth orbit
to geostationary orbit. We develop techniques for solving the appropriate boundary-valueproblems and illustrate
tradeoffs between solar array and � ywheel-battery masses for transfers requiring multiple revolutions. The utility
of � ywheel energy storage speci� cally for the use of the solar electric propulsion system is examined. We � nd
that when � ywheel energy storage is used in these scenarios transit times are typically increased, but signi� cant
propellant mass savings can be realized. Furthermore, if the spacecraft has a requirement for energy storage, then
it is advantageous to use stored energy during the orbit transfer.

Nomenclature
a = acceleration,m/s2

D = difference between collected energy and energy storage
capacity, W-h

F = fraction of power applied to power available
G = excess energy, W-h
g0 = gravitationalacceleration at the Earth’s surface, km/s2

m = mass, kg
Çm = mass-� ow rate, kg/s
Pa = power applied to thruster, W
Pe = power available from solar array, W
PL = power required by payload, W
r = distance between spacecraft and the Earth’s center, km
r © = radius of the Earth, km
T = thrust, N
t = time, s
t f = time of � ight, s
torb = orbital period, s
tsh = time spent in shadow, s
tsun = time spent in sunlight, s
u = radial component of velocity, km/s
v = transverse component of velocity, km/s
a = shadow geometry angle, rad
b = energy density, W-h/kg
c = shadow half-angle, rad
g = engine ef� ciency
h = angular measure of spacecraft position, rad
k r = costate for radius
k u = costate for radial velocity component
k v = costate for transverse velocity component
l = gravitationalparameter, km3/s2

u = angle between thrust direction and local horizontal, rad
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Introduction

S OLAR electric propulsion (SEP) is an effective technology for
transferringa satellite from an initial low Earth orbit (LEO) to a

higheraltitudeoperationalorbit suchas a geostationaryorbit (GEO).
One drawback to SEP is the loss of solar panel power when the
spacecraft is in eclipse. In the worst case of a transfer in the ecliptic
plane, the vehicle will experience eclipse on every revolution, with
the eclipse duration increasing and the fraction of the orbit spent
in eclipse decreasing as radius increases. One approach to dealing
with this situation is to coast through the eclipses. It is also possible
to use plane changes to reduce eclipse duration, but plane changes
require signi� cant propellant usage.

Kechichian1 discussed in detail the problems associated with the
Earth’s shadow and continuous low-thrust orbit transfers. In Ref. 1
he developed an orbit predictor for tangential thrust that takes into
account the effects of coasting through the eclipses. He also dis-
cussed the effectiveness of constraining the individual revolutions
to be circularorbits.Kluever and Oleson2 developeda directmethod
for obtaining nearly optimal LEO-to-GEO transfers. Free3 studied
the use of electric propulsion for stationkeepingfor GEO satellites,
including the use of energy storage during eclipse.

Another approach for orbital transfer is to use energy storage to
thrust continuouslythrough the eclipses. Thrusting through eclipse
requiresusing some of the available solar panel power to charge the
energystoragesystem, thus reducingthepower and thrustduring the
sunlit portionof each revolution.This concepthas been exploredby
Avila4 and by Fitzgerald.5 Avila4 pointed out that, if conventional
batterysystemsare used, themass requiredto run thrustersin eclipse
is prohibitively large. Fitzgerald5 also addressed the issue of SEP
and energy storage and reached the same conclusion. Fitzgerald5

examined how adding batteries to a SEP system can assist in de-
creasingthe transit time to a higherEarth orbit,by allowing thrusters
to be run in eclipse. The results showed that the advantage gained
in terms of transit time is far outweighed by the increase in system
mass. However, Fitzgerald5 did not use optimal transfers and used
conventionalbatteries with low energy density.

In this paperwe reexaminethe questionofwhether energystorage
can be used to improve the performance of SEP for orbit transfer.
Flywheel energy storage (FES) systems have several potential ad-
vantagesover conventionalchemical batteries.The potential advan-
tages most relevant to the application presented here are increased
depthof dischargeand increasedenergydensity.Because the energy
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is stored mechanically, the allowable depth of dischargeof FES can
be as largeas 90%and will certainlybe larger than the 30% typicalof
chemical batteries.Furthermore, the energy density of FES can also
exceed that for chemical batteries. Although there are many tech-
nical challenges to the implementation of this technology, energy
densities of up to 100–300 W-h/kg have been projected.6,7 Another
advantage of FES systems is that the � ywheels can also be used to
control the attitudeof the spacecraft; this advantageis not discussed
further here.8 ¡ 10

We combinethe subjectsofSEP, optimalorbitaltransfer,andFES.
By combining optimal orbital transfers with the speci� c energies
that FES can provide,we show that energy storage can be useful for
SEP systems.

We begin by stating the equationsof motion for time-optimalpla-
nar orbital transfers and describing results that have been already
developedfor numericallyobtainingoptimal solutions.We then de-
scribe our approach to applying these solutions to the speci� c prob-
lem of orbital transfer using energy storage. We present results in
order to answer two basic questions: 1) is it advantageous to use
existing energy storage to thrust through eclipse? and 2) is it more
advantageousto add solar panelmass or storagesystemmass? In the
former case we can de� nitely answer in the af� rmative, and in the
latter theanswerdependson the relationshipbetween thepowerden-
sity of the solar panels and the energy density of the storage system.

Optimal Continuous-Thrust Orbit Transfer
The approachdevelopedhere is based on minimum-time, contin-

uous-thrust, coplanar orbit transfers with circular boundary condi-
tions. The theory for time-optimal transfers is well known, with
prior sources given in Refs. 11 and 12. These two papers also de-
velop the state and costate equations of motion used in the present
paper, as well as initial costate approximations that are used here.
The variables involved are shown in Fig. 1.

Equations (1–8) de� ne the time-optimal orbit-transfer problem.
These equationsdescribeminimum-time, constant-thrust,planaror-
bital transfers in polar coordinates. For this case the propulsion
system runs at its full capacity. The thrust magnitude T and the
mass-� ow rate Çm are known. The variables r , u, and v’s corre-
sponding equations are Eqs. (1–3). The variables k r , k u , and k v

correspondingequationsof motion are Eqs. (4–6). The thrust accel-
eration a(t ) is de� ned by Eq. (7), and the optimal thrust angle u is
given by Eq. (8):

Çr = u (1)

Çu = v2 / r ¡ l /r 2 + a(t ) sin u (2)

Çv = ¡ uv / r + a(t ) cos u (3)

Çk r = ¡ k u ( ¡ v2 /r 2 + 2 l / r 3) ¡ k v (uv / r 2) (4)

Çk u = ¡ k r + k v (v / r) (5)

Çk v = ¡ k u (2v / r) + k v (u / r) (6)

a(t) = {T /[m(0) ¡ Çmt ]} (7)

u = tan ¡ 1( k u / k v ) (8)

Fig. 1 Optimal transfer geome-
try in polar coordinates.

Table 1 Circle-to-circle
boundary-valueproblem

Condition, canonical units

Initial Final

r(0) = 1 r(t f ) = R
u(0) = 0 u(t f ) = 0
v (0) = 1 v (t f ) =

p
(1/ R)

k r (0) = 1 ——
k u (0) = ? t f = ?
k v (0) = ? ——

In general, an orbit transfer begins with known initial conditions
and desired � nal conditions for the states r , u, and v, but neither
the initial nor the � nal values of the costates are known. The central
problem in solving optimal control problems of this form is solving
the boundary-valueproblem (BVP) to � nd the initial values of the
costates that lead to the desired � nal values of the states. For exam-
ple, for a planar, circle-to-circle transfer, the boundary conditions
are as given in Table 1. Solving the BVP requires initial estimatesof
the costates k r (0), k u (0), k v (0), and of the time-of-� ight t f . As de-
scribed in Ref. 11, the costate initial conditionscan be scaled so that
k r (0) = 1. Then,for low-thrust,goodinitialestimatesfor the remain-
ing variables are k u (0) = 0, k v (0) = 1, and t f = (1 ¡ 1/

p
R) /a(0),

where R is the � nal radius of the transfer. We then use the shooting
method, with quasi-Newton iteration to obtain the optimal solution.
For this problem the quasi-Newton iteration step is typically of the
form

D t f

D k u (0)

D k v (0)

=

@r(t f )

@t f

@r (t f )

@k u (0)

@r(t f )

@k v (0)

@u(t f )

@t f

@u(t f )

@k u (0)

@u(t f )

@k v (0)

@v(t f )

@t f

@v(t f )

@k u (0)

@v(t f )

@k v (0)

¡ 1

D r (t f )

D u(t f )

D v(t f )

(9)

where the errors D r(t f ), D u(t f ), and D v(t f ) are the differences
between the current � nal valuesand the desired� nal valuesand D t f ,
D k u(0), and D k v (0) are the re� nements to be subtracted from the
earlierestimates.This iterationcontinuesuntil the errors are reduced
to a desired tolerance.All resultsreportedhereusea tolerancewhere
the norm of the error is <10 ¡ 8. As described in Ref. 12, a step-
limiting procedure is used to improve convergence.

Each transfer segment described by these equations uses a � xed
thrust magnitude and achieves a transfer in minimum time by con-
tinuously varying u , the direction in which thrust is applied. For a
continuous-thrust transfer with constant thrust, the trajectory that
minimizes time in transit also minimizes the propellant used.

Before proceeding with the development, a discussion of the
scope of this paper is needed. The problem of interest is to de-
termine the possible advantages of using energy storage to thrust
through eclipses. Eclipses can be partially avoided by changing the
osculating plane of the orbit during the transfer, thereby improving
the performanceof SEP without using energy storage.Allowing the
instantaneous eccentricity to increase during the transfer can also
lead to improved performance.There is also a penalty for slow tran-
sit of the van Allen belts as a result of the degradation of solar cells
causedby radiationso that passingquickly throughthese altitudes is
also important. These approachesare certainly of interest, and their
effects should be investigatedin future studies; however, to focus on
the effects of energy storage, we limit the present investigation as
follows. Instead of allowing the inclination to vary, we restrict the
entire orbit transfer to the plane of the ecliptic.Although this differs
from what would be done in practice, it provides the worst possible
case for eclipse duration. If the inclination were allowed to vary,
we believe that the qualitative results reported here would still be
valid. Instead of allowing a completely general planar transfer from
LEO to GEO, we divide the transfer into a sequence of single-orbit
transfers with circular boundary conditions. Although this almost
certainly does not provide the truly time-optimal solution, it allows
a straightforward comparison of the transfers using energy storage
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with those that coast through the eclipses. In the subsequent sec-
tion we describe the four possible cases for the individual transfer
segments.

LEO-to-GEO Modeling Approach
If we consider a continuous transfer from LEO to GEO, then

only one BVP must be solved. However, for low thrust levels
(T / W0 ¼ 10 ¡ 4) convergenceis sensitive to small changes in the ini-
tial costates because of the numerous revolutions required to reach
the higher orbit. Furthermore, we want to include the possibilityof
coasting througheclipse,which gives a discontinuousthrust pro� le.
For these problems one can apply orbital averaging or direct opti-
mization methods (e.g., Kluever and Oleson2). Ideally, one would
seek the minimum-time or minimum-fuel trajectory from LEO to
GEO, allowing three-dimensionalchanges in the trajectory.

However, because we are primarily interested in the possible ad-
vantage of using energy storage during eclipse, it is well known
that the thrust angle is nearly zero (i.e., tangential steering) as thrust
approaches zero and that the osculating orbit is nearly circular.

We examine orbital transfers that take many revolutions to com-
plete.We break large transfersinto single revolutionsegments.Each
segmentbeginsas the spacecraftleaves the Earth’s shadowand is an
optimal, planar, constant-thrust,circle-to-circle transfer. If a space-
craft has no capacity to store energy for propulsion, each transfer
segment must be completed when it returns to the Earth’s shadow.
When the spacecrafthas someenergystoragecapacity,these transfer
segments are allowed to continue into the Earth’s shadow until the
stored energy is exhausted. When a spacecraft has enough energy
storage to continue thruster operation through the Earth’s shadow,
continuous transfers become possible. All of the trajectories in this
paper are described by the same equations of motion, but each of
the described cases presents a different BVP to be solved.

All of the orbital transfers to be modeled are planar and in the
ecliptic plane.This assumptionhas the effect of maximizing time in
eclipse for any orbital radius, providing the worst possible scenario
for SEP. A cylindricalapproximationis used for the Earth’s shadow,
as shown in Fig. 2. Using this geometry, the angular portion of a
circular orbit spent in shade is 2 c , where

c = sin ¡ 1(r © / r) (10)

For a more accurate model of shadow geometry, see Ref. 13.

Case One: Circle-to-Circle Transfer Segments
Without Shade Constraints

When r (t f ) ¡ r (0) is small, the transfer can be accomplished
without entering the Earth’s shadow, and we refer to this as case 1.
Figure 3 illustrates the concept of such a transfer, with dashed lines
indicating the Earth’s shadow, concentric circles depicting two cir-
cular orbits, and the arc connecting them representing the transfer.
This is the same problem as treated in Thorne and Hall.12 This is a
minimum-time transfer,and the appropriateNewton step for solving
the BVP is given by Eq. (9).

Fig. 2 Simpli� ed shadow geometry in the ecliptic plane.

Fig. 3 Optimal circle-to-circle transfer.

Fig. 4 Maximum transfer accomplished while in sunlight.

Case Two: Transfer Segments Without Energy Storage
For the second case no energy storage is used, and we wish to

maximize the radius increase achieved during each period of sun-
light. Integration is carried out using the same equations of motion
used for case 1, but the BVP to be solved is different. As illustrated
in Fig. 4, this transfer is maximized when the entire period spent in
sunlight is used to complete the transfer. The transfer is shown to
begin just as the spacecraft exits the Earth’s shadow and ends just
as it enters eclipse again.

For the transfer segment to end just as the spacecraft enters
eclipse, the r(t f ) requirement of case 1 is replaced by the angle
requirement:

h (t f ) = 2 p ¡ sin ¡ 1[r © / r(0)] ¡ sin ¡ 1[r © / r(t f )] (11)

where h (t f ) is the angle swept out by the spacecraft in the transfer
segment. Here the problem is to maximize the � nal radius achieved
in sunlight. By replacing each occurrence of r (t f ) in Eq. (9) with
h (t f ), we create Newton steps that lead to solving this problem
directly:

D t f

D k u (0)

D k v (0)

=

@h (t f )

@t f

@h (t f )

@k u (0)

@h (t f )

@k v (0)

@u(t f )

@t f

@u(t f )

@k u (0)

@u(t f )

@k v (0)

@v(t f )

@t f

@v(t f )

@k u (0)

@v(t f )

@k v (0)

¡ 1

D h (t f )

D u(t f )

D v(t f )

(12)

Case Three: Low Levels of Energy Storage
A spacecraft may have some energy storage, but not enough to

continue thruster operation through the entire eclipse. Under these
circumstances a circle-to-circle transfer is performed, as illustrated
in Fig. 5. Here, the spacecraft begins a transfer segment as it leaves
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Fig. 5 Orbital-transfer segment with a low level of energy storage.

the Earth’s shadow and completes a circle-to-circle transfer just as
the stored energy is depleted.

With the use of energy storage, budgeting energy is a concern. If
all of the power received by the solar array is sent directly to the
thrusters, there is no stored energy to use in eclipse. However, we
may choose to channel just enough power to the � ywheel batteries
to provide a full charge at the moment the spacecraft enters eclipse.
The remaining power is used to run the thrusters in sunlight. The
thrusters continueto run at the same level in eclipse, until the energy
supply is exhausted. Because the thrusters are not operated at full
capacity,we assume that mass-� ow rates and thrust are proportional
to the power consumed.

When in sunlight, the spacecraft has a � xed value of available
power from the solar array Pe, and we must determine the level of
power that is actually applied to the thrusters Pa . We de� ne a power
fraction F by

F = Pa / Pe (13)

We needto � nd t f , k u , k v , and F that satisfytheboundaryconditions.
The need to budget energy results in two new constraints. The � rst
is the requirement that the energy used is exactly the energy that is
collectedby the solar array (assuming 100% storage and conversion
ef� ciency):

Pa t f = Petsun ) Ft f = tsun (14)

In this equation tsun is the period of time spent in sunlight. This
condition must be met, as the spacecraft cannot use more energy
than its array collects. Also, if any of the collected energy is not
used, the system performance is suboptimal. We de� ne an energy
excess variable G by

G = Pe tsun ¡ Pa t f = Pe(tsun ¡ Ft f ) (15)

A positive value of G represents excess energy that is not used. A
negative value of G is an energy de� cit. To satisfy Eq. (14), the
value of G should be zero.

The second constraint to be enforced is that the battery must
be fully charged just as the spacecraft enters the Earth’s shadow,
meaning

mfb b = (Pe ¡ Pa )tsun (16)

wheremfb is themass of the � ywheel-batterysystem.If, for instance,
we have 100 W-h/kg � ywheel batteries designed for up to a 90%
depth of discharge, then b =90 W-h/kg. We use D to represent the
difference between battery charge and capacity:

D = (Pe ¡ Pa )tsun = Pe(1 ¡ F) ¡ mfb b (17)

To satisfy Eq. (16), D =0 is required.

Fig. 6 Orbital transfer without a coast phase.

This is a 4 £ 4 problem where the D r achieved in one revolution
is maximized. The Newton steps are calculated as

D t f

D k u (0)

D k v (0)

D F

=

@D

@t f

@D

@k u (0)

@D

@k v (0)

@D

@F

@u(t f )

@t f

@u(t f )

@k u (0)

@u(t f )

@k v (0)

@u(t f )

@F

@v(t f )

@t f

@v(t f )

@k u (0)

@v(t f )

@k v (0)

@v(t f )

@F

@G

@t f

@G

@k u (0)
@G

@k v (0)
@G

@F

¡ 1

D D

D u(t f )

D v(t f )

D G

(18)

Computationalexperiencehas shown that the iteration converges to
a solution using simple low-thrust assumptions.

Case Four: High Levels of Energy Storage
Case4 is similar to case3 in that energystorage is used to continue

thrusteroperationin eclipse,and the D r achievedin one revolutionis
maximized. The differenceis that enoughenergy storage capacity is
availableto run the thrusterscompletelythroughthe Earth’s shadow.
An example transfersegmentis shown in Fig. 6. Here, the spacecraft
begins a transfer as it leaves the Earth’s shadow and completes a
circle-to-circletransfer just as it is about to leave the Earth’s shadow
again.The constraintsfor this problemare similar to those in case 3,
but the charge constraint D disappears. The charge constraint is
replaced by the angle constraint:

h (t f ) = 2 p ¡ sin ¡ 1[r © / r(0)] + sin ¡ 1[r © / r(t f )] (19)

Beyond this one change, we have a problem similar to case 3. One
step in the Newton iteration is performed as

D t f

D k u (0)

D k v (0)

D F

=

@h (t f )

@t f

@h (t f )

@k u (0)

@h (t f )

@k v (0)

@h (t f )

@F

@u(t f )

@t f

@u(t f )

@k u (0)

@u(t f )

@k v (0)

@u(t f )

@F

@v(t f )

@t f

@v(t f )

@k u (0)

@v(t f )

@k v (0)

@v(t f )

@F

@G

@t f

@G

@k u (0)

@G

@k v (0)

@G

@F

¡ 1

D h (t f )

D u(t f )

D v(t f )

D G

(20)

This maneuver is enabledby suf� cientenergystorage.If there is any
doubt about whether the onboardbattery capacity is adequate, it can
be checked after the problem is solved. This check is accomplished
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Fig. 7 Algorithm for simulating a large orbital transfer.

Fig. 8 Algorithm for determining appropriate case.

by � nding the shadow-crossing time tsc and ensuring that the fol-
lowing condition is met:

Pa(t f ¡ tsc) · mfb b (21)

If the condition of Eq. (21) is not met, case 4 is not the appropriate
case,and case 3 shouldbe used to obtaina maximumradius increase
for this transfer segment.

In this section we have developed the tools necessary to propa-
gate optimal orbital-transfer segments. Techniques for solving the
BVPs for a number of different schemes have been developed. By
piecing together a number of such segments, large orbital transfers
can be accomplished. In the sections to follow, these tools are used
to determine what advantages FES can yield.

A � owchart of the algorithmused to propagatelargeorbital trans-
fers is displayed in Fig. 7. For each transfer segment the appropriate
routine is called to solve the BVP. If there is some question about
which case should be solved for a given transfer segment, Fig. 8
illustrates the process used to select the best one.

Results Using Energy Storage
In this section we use these techniques to examine the bene� ts of

energystorage applied to solar electric orbital transfers.Initially,we
analyze the concept of adding energy storage solely for use by the
SEP system, ignoringthe fact that most satelliteshave storageneeds
for their on-orbitmissions, and examine the resultingmass tradeoff.
In Ref. 14 tradeoffsare examined for single-segmenttrajectories.To

Fig. 9 Radius vs time for two spacecraft con� gurations.

conserve space, this analysis has been omitted. Instead, we analyze
large-scaleorbital maneuvers using the techniques described in the
preceding section. Then we consider the more relevant case of a
satellite that already has an energy storage system.

Energy Storage Strictly for Propulsion
The problem is initialized as a 3000-kg spacecraft in a circu-

lar parking orbit with a 250-km altitude. We use a Hall-effect
thruster that provides 0.06118 N/kW and has a mass-� ow rate of
3.899 £ 10 ¡ 6 kg/(s-kW). The initial thrust-to-weight ratio is ap-
proximately 1.8 £ 10 ¡ 4, and the initial Isp is approximately 1600.
We assume a usable battery energy density of 100 W-h/kg and an
array speci� c power of 120 W/kg. Two transfers are propagated,
one without storage and one with a degree of storage optimized for
the highest performance at low altitude from Ref. 14. Both systems
have a total array and battery mass of 717 kg. For the transfer with-
out storage, the array is 717 kg. For the case with storage, the array
mass is 522 kg, and the � ywheel-batterymass is 195 kg.

Figure 9 illustrates radius with respect to time for the two sys-
tems being compared. Both systems overshoot the geosynchronous
target (r = 42,164 km) because the algorithm designed to achieve
the correct � nal radius is not implemented for this comparison.The
reason the correct algorithm is not implemented in this example is
because it is not needed for this comparison. Toward the end of
these transfers, the increases made by individual transfer segments
are several thousand kilometers apiece. Though exact ending of the
transfers is not modeled in this example, the trends are clear: the
spacecraft that does not use stored energy reaches geosynchronous
orbit � rst. Figure 10 is a magni� ed view of the radius vs time results
for the � rst 15 days.The spacecraftwith storage is ahead until some
point after a radius of 8000 km. The time spent getting to the � nal
orbit is not the only matter of interest, though.We are also interested
in which system makes the most ef� cient use of propellant mass.

Figure 11 shows the results when we plot remaining spacecraft
mass against achieved radius. The system that used energy storage
takes longer, but realizes a great bene� t with respect to the mass
of the payload that can be delivered to any altitude. The payload
mass delivered to GEO by the system using energy storage is ap-
proximately 100 kg larger, although it takes about 10 days longer to
get there. Recall that the � ywheel-battery mass does not encroach
on the payload mass because the total � ywheel-battery and array
mass is equal to the array mass for the case without storage.Several
similar comparisons have been run, and this trend is consistently
observed.14
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Fig. 10 Radius vs time for the � rst 15 days.

Fig. 11 Spacecraft mass remaining with respect to radius achieved.

We have compareda system using no storage to a system of equal
mass, with some of its array mass replaced with a � ywheel-battery
system.The results show that the system with � ywheel storage takes
longer to reach a geosynchronousorbit, but does so more ef� ciently
in terms of propellant usage. In this analysis we have ignored the
fact that most spacecraft have on-orbit energy storage needs. Next
we discuss optimizing systems that have some minimum energy
storage and power requirements for their on-orbit missions.

Energy Storage for On-Orbit Mission Requirements
For this analysis we allow no additional array or battery mass

beyond what is necessary to meet on-orbit mission requirements.
Then, we analyze the performance of the same spacecraft, but with
additional mass allotted for array and battery. The additional mass
can be distributed as array, battery, or a combination, and we in-
vestigate the effect of this distribution on performance in terms of
transfer time and propellant used.

We begin with a spacecraft with some high power requirements
for its on-orbit mission in a geosynchronous orbit. Because this
spacecraft must not cease operation when it passes through the
Earth’s shadow, it has a requirement for energy storage.We assume
that all of the power provided by the solar array can be used for
propulsion during the spacecraft’s LEO-to-GEO transfer and that
we are not allowed to carry any additional mass for a larger array
or battery to use for this transfer.There are two extreme approaches
that can be used to perform this transfer. The spacecraft can rely on
its panels alone and coast through eclipses, or it can use its battery
storage capacity and perform a transfer without any coast periods.

The spacecrafthas a parking-orbitmass of 3000 kg and a payload
power requirement of 10 kW. During the period when a satellite
at this altitude would have maximum eclipse, we know that the
following power balance must be met:

Petsun = PL torb (22)

To meet the worst-caseeclipse conditionsfor GEO, the panels must
be capable of collecting excess power that can be saved for use in
eclipse, which leads to Pe ¼ 10.5 kW for the 10-kW payload. If the
arrays have a speci� c power of 120 W/kg, then the array mass is
87.5 kg. The capacity of the battery system must satisfy

mfb b = PL tsh (23)

where mfb is the battery mass and Tsh ¼ 1.16 h for GEO. Using
this relationship and the value b = 100 W-h/kg, we � nd that the
minimum battery mass is 116 kg for a 10-kW payload in GEO.

The algorithmused for these transfers is the same as the one illus-
trated in Fig. 7. The difference lies in the choice of the appropriate
BVP to solve. We are comparing a transfer where the � ywheel-
batteries are used to a transfer where they are not. For the � rst trial
an orbital transfer based on the case 2 BVP is propagated, where
no energy storage is used. For the second transfer case 4 is used.
Because the energy storage available is designedfor an eclipse situ-
ation found at GEO, the last maximum increase segment is the only
one that is likely to come close to using the entire capacityof the bat-
tery system. Because of some uncertaintyin this area, the algorithm
shown in Fig. 8 is used to ensure use of the appropriatecase.

Transfers are simulated for the described system using both
schemes. The results are shown in Figs. 12–14. These � gures de-
scribe the transfer making use of energy storage as continuous be-
cause this scheme is able to perform transferswithout coast periods.
The other scheme is labeled discontinuous,as all transfer segments

Fig. 12 Radius vs time comparison for two transfer schemes.



MARASCH AND HALL 651

Fig. 13 Radius increase ratios vs radius comparison.

Fig. 14 Spacecraft mass vs radius comparison.

are performed in sunlight only. Figure 12 compares the radius vs
time pro� les for both trials. The system not using the available en-
ergy storage is at a clear disadvantage,as it takes 40 days longer for
it to reach geosynchronousradius.

Figure 13 shows the single segment radius ratio [ D r / r(0)] with
respectto each segment’s beginningradius.This informationis anal-
ogous to a rate of increase.Notable in this plot are the discontinuities
found at the end of the traces. These discontinuities are caused by
the � nal transfer segments, where the goal is not to maximize ra-
dius, but to achieve the desired GEO radius exactly. Note that the
curvescross at a radius of approximately20,000 km. For lower radii
the scheme using energy storage provides the largest increase per
transfer segment. For radii above this, the scheme not using energy
storage provides better results. If we are interested in merely min-
imizing the transit time, it is a good idea not to use the � ywheel
batteries at this point.

Figure 14 compares the propellant use of the two trials. The
scheme using energy storage has a clear advantage:Approximately

98 kg of propellantis savedby makinguse of the spacecraft’s energy
storage.

Next, we use the spacecraft characteristics from the preceding
section but assume that we have an additional 100 kg of system
mass that can be used for solar array and battery mass. Our goal is
to determine how much of that mass should be used for increasing
the size of the solar array and how much of that mass shouldbe used
to increase � ywheel-battery capacity.

The spacecraft already described required 87.5 kg of array mass
and 115 kg of battery mass. The spacecraft’s initial mass remains
at 3000 kg, but we use another 100 kg of this mass for array and
battery.First,we lookat two extremecases.One extremeis wherewe
use all of the additional mass for array. Having 100 kg additional
solar array provides the spacecraft with more power and higher
thrust.With this con� gurationthere is not enoughbatterystoragefor
continuousthrust throughthe eclipseas higheraltitudesare reached.
The otherextremethat is chosen is a pseudo-balancedcon� guration.
The second-to-lasttransfersegmentrequiresthemost energystorage
if it is to be a transfer with no coast periods. Remember that the
last transfer segment is typically a correction, which we assume
to be small for this approximation.Approximating the last transfer
segment as a circular orbit at GEO and using Eqs. (22) and (23),
we � nd that 56.75 kg of the additional mass should be used for
� ywheel-battery mass, and the remaining additional mass should
be used for the solar array.

These two spacecraft con� gurations are compared, with the re-
sults illustrated in Figs. 15 and 16. Figure 15 illustrates orbital ra-
dius vs time for both con� gurations. The solid curve represents the
con� guration where all additional mass is used for increased ar-
ray size, which is labeled array only. The dotted curve is for the
pseudo-balanced con� guration. The con� guration where only ar-
ray mass is added clearly has an advantage in minimizing transit
time, as it arrives at a geosynchronous radius 54 days before the
other con� guration does. This con� guration takes 946 transfer seg-
ments and 128 days, whereas the pseudo-balanced con� guration
takes 1355 revolutions and 182 days. Figure 16 shows the mass vs
radius curves for the two con� gurations.The pseudo-balancedcon-
� guration saves merely 12 kg of mass, and so Fig. 16 appears to
have only one trace.

It can be argued that these results do not give a complete picture
because we do not have any indication of the behavior that will
be exhibited between these two extreme cases. In Ref. 14 several
intermediate cases are presented, and the trend is clear. Although
the use of additional energy storage does increase ef� ciency, it also
increases the time to achieve the orbit transfer.

Fig. 15 Radius vs time for two extreme con� gurations.



652 MARASCH AND HALL

Fig. 16 Mass remaining vs radius for two extreme con� gurations.

Conclusions
Energy storagehas previouslybeen thought inappropriatefor use

in SEP applications.When optimal transfers are considered, along
with the high energy densities that � ywheel energy storage may
eventually provide, the combination of SEP and FES may offer
improved performance. Because the fraction of the orbital period
spent in eclipse increases as orbit radius increases, storing energy
for use during eclipse increases the time it takes to perform a trans-
fer to geosynchronousorbit. However, the increase in time of � ight
is countered by an increase in payload mass delivered to geosyn-
chronous altitude. Furthermore, most satellites require energy stor-
age for the primary mission so that the mass of the energy storage
system is not a penalty.
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